
Partition problems in the plane.

Consider the following theorem about points in the plane.

Theorem 1 Given 3N points in the plane, there is a partition of them into N triples
whose convex hulls (i.e. the triangle they form) intersect.

N = 3

This is an example of a Tverberg-type theorem. There are many variants of this kind
of result, but carry the same underlying goal. Given many points in IRd, we want to study
the partitions where the convex hulls of the parts intersect. For example, there is a very
strong colorful generalization of the result above.

A particular variant of this result is if we replace the convexity. For example, given
two points x, y in IR2, we can take a disk with diameter D(x, y). Consider the following
recent result.

Theorem 2 Given 2N points in the plane, there is a partition of them into N pairs whose
induced disks intersect.

10 points in IR2 Disks partition into
five parts

There are many variations of Tverberg theorem. Which ones carry on to the disk
setting? One of the potential projects in this REU is to check this question for several
new variants of Tverberg’s theorem. A quick example is to see if this theorem holds in
high dimensions, but even in the plane there are many unsolved questions. Another way
to interpret the result above is saying that we can always find a perfect matching on the
2N points that induces intersecting disks. What other graphs have this property?
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